Supplement Online Appendix to
“Granular Origins of Agglomeration”

Shinnosuke Kikuchi Daniel G. O’Connor
UucCsD Princeton

October 23, 2025

This document contains additional theoretical results, proofs, and computational de-
tails for “Granular Origins of Agglomeration”. In Section 1, we show the estimates of our
key labor supply elasticity by subsamples for robustness. In Section 2, we show that the
entry game in the main text is equivalent to an alternate entry game where firms see what
sectors and ex-ante shocks other firms have received before entering. In Section 3, we
spell out the details of the quantitative model with granular firms in more detail, charac-
terize the equilibrium, and prove the main theoretical results. We present the proofs of
the technical lemmas in Section 4. As in the main text, we use x to denote the value of a
variable x in the absence of any ex-post shocks and £ to denote log deviations from that

value.

1 Robustness of Estimation

Here, we examine whether the estimated short-run labor supply elasticity across firms,
k, varies systematically with the size of the local labor market (LLM). In our main analy-
sis, we showed that firms” employment responses to idiosyncratic shocks depend on their
relative size within the market—larger firms expand more when productive because they
can attract workers from other firms in the same market. This mechanism implies that
what matters is a firm’s size relative to its local labor pool, not the absolute size of the
labor market itself.

Nonetheless, larger LLMs may exhibit stronger aggregate employment responses to
wage changes for reasons unrelated to our mechanism, such as greater worker mobility,

more diverse industry composition, or different adjustment frictions. To ensure that our



results are not driven by such differences across locations, we re-estimate x separately for
large and small LLMs.

Table 1 reports the results. We classify LLMs based on their annual number of firms
between 2002 and 2019, defining large LLMs as those that maintained at least 11 firms
(i.e., more than 10) in every year of the sample period, and small LLMs as the remainder.
This classification yields 1,631 large and 14,041 small markets out of 15,672 in total, and
group assignments are fixed over time according to this criterion. Column (1) of Table 1
replicates the full-sample estimate from the main text, while Columns (2)—(3) show the
results for the two subsamples.

The estimated elasticities are 2.53 for large markets and 2.03 for small markets. Al-
though the point estimate is slightly higher for large markets, the difference is not statis-
tically significant. This similarity confirms that the core mechanism—how firms of differ-
ent relative sizes adjust employment in response to shocks—operates independently of
overall market size. Changing the cutoff around this threshold does not materially affect
the results.!

Table 1: Estimation of Short-run Labor Supply Elasticity across Firms: Subsample by
Market Size

Dep. Var.: Log Employment Growth
AlILLM Large LLM Small LLM

€)) (2) )
Log Wage Growth 2.48 2.53 2.03
(0.73) (0.94) (0.48)
Observations 1,519,077 974,639 544 438
Unique Num. of LLMs 15,672 1,631 14,041
1st Stage F-Stat. 14.26 8.75 24.36
Covariates v v v
Weighted v v v

Note: This table shows the estimates of short-run labor supply elasticities across firms,
x, by subsamples. The specification is the same as Column (2) of the Table in the
main text. Column (1) reports results for the full sample, which replicates the result
in the main text. Columns (2)—(3) split local labor markets by annual firm counts over
2002-2019. Column (2) includes markets that maintained at least 11 firms (i.e., more
than 10) in every year from 2002 to 2019 (i.e., miny¢pgn2,2019] #irms;s > 11); Column
(3) contains the remainder. Group assignments are fixed over time for each market
based on this criterion.

IChanging cutoffs around these values does not statistically differentiate the estimates for the subsam-
ples.



2 Alternate Entry Condition

The free entry condition in the main text,

b E o Do, mon(w)ds| o

m;

imagines a staged entry game. All firms choose whether or not to enter the market, and
then all of those firms are randomly assigned sectors and ex-ante productivity shocks.
In this appendix, we consider an alternate entry game where a potential entrant sees the
number of firms in each sector and the ex-ante shocks they have received and decides
whether or not to enter. We will characterize this alternate free entry condition and prove
that it is the same condition as the main text free entry condition (1).

Under the alternate entry game, the potential entrant can see that there is a mass
p(N,m;) of sectors with N firms, where p(N,m;) = mNe™™i/N! is the probability mass
function (pmf). Therefore, the probability that the firm enters a sector s with N firms al-
ready in it is p(N, m;). The firm internalizes that if it were to enter such a sector s, that
sector would not have N firms, but instead N + 1 firms. Nothing else about the equilib-
rium would change as that sector is small relative to the entire location so the expected
profits of the firm would be the average profits of a firm in a sector with N + 1 firms,
7t ny1 = E[7isn(w)|Nis = N + 1], where expectations are taken over ex-ante and ex-post
shocks.

Therefore, the free entry condition can be written,

Y=Y TN p(N,m;). )
N=0

Now we will show that this free entry condition (2) is equivalent to (1). Taking the original
free entry condition, notice that,

E [fol Zne./\/,-s nisn(w)ds} B Zﬁ:OIE [ZHGMS nisn(a))|Nis = N] p (N, mi)

m; m;
ad N
= ) MmN —p(N,m).
NZo i



Taking the alternate free entry condition, we have

(o] o0 N + 1 mN—Flefml‘
7T P(N, m;) = s !
NZ() i,N+1 1 NZ(] i,N+1 m, (N—|— 1)[

s N s N
= Z ”f,N%P(N/mi) = Z ﬂiNEP(Nrmi)/
N=1 i N=0 i

proving that the two conditions are equivalent.

3 Details of the Quantitative, Granular Model of Economic
Geography

In this section, we lay out the details of the quantitative model and prove that the

theoretical results continue to hold in this more general setting.

3.1 Environment

The country is made up of I regions, indexed by i € Z = {1,...,I}. Thereis amass / of
workers and a continuum of sectors s € [0, 1]. The sectors produce perfectly substitutable
goods but hire in distinct sectoral labor markets.

Timing. There are four periods t € {—1,0,1,2}. In period —1, workers decide where to
live and then stay there for the remaining periods, determining population ¢;. A mass m;
of firms pay a fixed cost of the traded final good in order to enter in period 0. Each firm
is then randomly assigned a sector s and gets an ex-ante productivity draw z from some
known distribution.

After observing those initial productivity draws, a representative worker freely allo-
cates her labor L;;, across the sectors and firms in period 1. Then, in period 2, the state
of the world w € () is revealed. This determines the short-run productivity shocks to
each firm. The worker can then reallocate her labor across the firms and sectors subject to

moving costs. Firms then produce and sell their goods.

Workers. The fundamental utility of living in location i, u; is

u; = u;c;,



where 1; is the local amenities and c; is consumption of the freely traded final good. Each
worker has an idiosyncratic preference for each location ¢;, so that the utility the worker
gets from living in location i is u;e;. We assume that ¢; are distributed Fréchet with shape
parameter 6 > 0.

Once the worker has decided on a location i, she needs to make her labor supply
decisions. She is a risk-neutral representative agent, endowed with one unit of labor that
she supplies to the market inelastically. In period 1, the worker freely allocates her units
of labor across sectors and firms. In particular, she chooses her vector of labor supply
L; = {Ljs; }s,n in the set of feasible labor allocations £,

1
L,-EL’E{L;]/ Y. Lgsndsgl}.
0 neNi

In period 2, the state of the world w is revealed. This determines the ex-post produc-
tivity shocks for all firms. The worker then reallocates her labor across firms, choosing a
vector of labor supply L;(w) = {Ljs,(w) }s,n in the set of feasible labor allocations L (L;)

which depends on the worker’s labor choices in period 1. The set is given by

T 1 1+v ﬁ
['Q(Lz) = {L,(w)|1 = (/ LZ-SVLI‘S(CU)VEZS> ’
0

Lis(w) = (HEZNIS (LLIZS:) Lisn(w)l'cx> h }

where Lis = Y e, Lisn-
Firms. Firms are the same as in the main text, so we do not restate the assumptions here.

Market Clearing. Total expected production in location i is still

1
Yi=E /0 Z Zisnaisn(w)gisn(w)l_qu

neNj

The final goods are freely traded, so the market-clearing condition holds at the na-
tional level,

Z cili +¢pim; = Z Y;. 3)

i€l i€l

In the labor market, labor demand needs to equal the individual labor supplied by



each worker multiplied by the number of workers. However, this needs to hold for each

individual firm as labor is imperfectly substitutable across firms,

gisn(w) = Lisn(w)gi/ Vs, n,w. (4)

3.2 Market Structure and Equilibrium

Labor Supply Decision. We will characterize the worker’s decision using backward
induction, starting with the labor supply decision in periods 1 and 2, and then character-
izing the migration decision in period —1 in the next section.

Conditional on living in location i, workers choose their labor allocation across firms
and sectors in periods 1 and 2 to maximize their expected utility, taking wages as given.

We normalize the price of the final goods to 1, so workers solve the problem.

L; L;(w) € argmax E
LieL, L (w)eLa(LL)

/01 ) wisn(w)Lfsn(w)ds] , (5)

neN

where w;y, (w) is the equilibrium wage for firm 7 in sector s in state of the world w. We
will denote the maximum of (5) by w;.

Writing out the maximization problem, we get

1
max]E/ Wien (W)L (w)ds
JEOE| ] L wsn @) ]
such that
Lis = Z Lisn (Ais)
neNs

1
1= [ Lids ()

0

L) = 8 () Linte)? (@)

neNi

Taking the first order conditions, we find that



L 14k 1
Wian (@) = Aje(0) ( Lén) X L ()
15
_1 K 1+1/ 1_1
Ais(w) = Aj(w) (Lis) ™V is(w)vx

1
1 (Lin\ " . 4
Ais (w) X ( Llls: ) 1sn LZS” ]
1 1+v 1+x
Ai = Ajis + E {/\i(w); (Lis) ™ L 1Lzs( ) } - _L l]E [)‘ (w)Lis(w) } . (6)
One can rewrite the short-run labor supply decision in the more familiar form

L) _ ()} Lyle) - Lofe) _ ()’

Lisy Wi (w) Li ' Lis wi (w)

where

L: ﬁ 1 ﬁ
wis(w) = ( Z %wisn(w)l+K> , wi(w) = (/ Liswis(w)lH/dS) :
neN;, -is 0

Migration Decision. Each worker chooses the location that maximizes their utility. There-
fore, the population in location i satisfies

b = /IR]I ILiEargmaxi/ ﬂi/wi/dG(E) £, )

where G is the joint distribution of e. This is a standard problem in the literature with a
Fréchet distribution. It implies that ¢; = (u;/u)? - £, where u = (Zi(ui)g)%.

Labor Demand - Competitive. We will consider two different conduct assumptions on
firms after they enter. The first assumption is that they are competitive. Then each active
tirm maximizes profits, taking wages and prices as given,

Cisn (‘U) € argmax  Zjgufisy (C‘))(Kl)lﬂ7 — Wiy (w)gl' 8)
g/
This implies that
Zisnfisn (w)gisn (w)iﬂ = Wisp (w) 9)



Labor Demand - Cournot. Under Cournot competition, the firm takes as given the la-
bor decisions of the other firms in its own sector. We assume that the firm then takes
as given the workers” other options in other sectors. In the math, that will imply that
the firm will take A;(w) and A; in equation (6) as given. Combining some of the first-

order necessary conditions of the worker’s problem, we can write the firm problem, using

Lisp = {wisn (w)/ Lisn ((U), s (w)/ Lisns gis}/ as,

Ty €argmax B |Zigutjon (@) ()1 = 0 () ()]

Lisn

_1 14 -1 14 _1 14x
s.t. (as) Kg:s(w) o= (fisn) Kggsn(w) 4 Z (gisn’) Kgisn’(w) K

Kgs = gisn + Z Eisn/
n'#n

Wisy (W) = Ai(w)l Tv (Eisg(:f))‘l’_’l‘ (e,-sgis(w))i
¢

14

Alw)(1+v) (gisg(:’))
Ai(w)(x —v) (%) 1?] , (10)

where we have transformed the per capita variables into the total amount of labor.

Taking the first order conditions and simplifying gives the following necessary condi-

Ajsn () ((Ee(w ) ) " (gise(;)) )1

—(1-n)E [zisnaisn(w)gisn(w)l_ﬂ

1+« 1+«
0= Twisn(w)gisn(w) -
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+E
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0 = E[wjsy (w)lisn(w)] — £isnE

wy
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Entry. Entry is the same as in the baseline model. Thus, free entry implies that average
profits are equal to the cost of entry, (1).

3.3 Theoretical Results for the Competitive Case

In this section, we prove the propositions of the main text in the more general case
with x,v € (0,00).

Proposition 1. In any stable equilibrium, the average wage is increasing in the number of work-

ers, i.e. ‘fill()g 9t > 0, if and only if the employment weighted covariance between log firm produc-

dlog ®(m)
dlogm }m:m,-

tivity and log firm employment is increasing in m, i.e. > 0.

Proof. The proof exactly follows the argument in the main text after proving the more

general version of Lemma 1, so we do not reproduce it here. O

Proposition 2. If labor is more substitutable across firms within a sector than across sectors,

. L . dlogw; .
k > v, then the average wage is increasing in the number of workers, i.e., Tlog?; > 0 if and only

if idiosyncratic shocks have a positive variance, 0% > 0. Moreover, the agglomeration benefits

converge to zero as the size of the market goes to infinity, i.e. ”éﬁ%" — 0as m; — oo.

Proof. Taking a log first order approximation to the labor supply FOCs (6) after substitut-
ing out Aj5(w) and Ajg implies,

1 1 N 1 /4
wlsn(w) - A(w) + (1_/ - ;) (ng(w) - gzs) + E <£zsn(w) - gzs)
2 14+v__ . K—V__ ra Kk 14+v_ s R

where we use the fact that L, (w) = Zis,(w).
Taking a log first-order approximation to the labor constraints embedded in £ and

La(+) implies,

el
<\I
‘CI}

@is(w) = %@isn(w)/ :/ E_@
neN; *tis
. lisy ?
Eis = Z —_Ezsn/ :/
HEN;, lis

And the labor demand curve implies that d;s, (w) — Nlisn(w) = Wisy(w). First note that
n(w

taking expectations [E[a;s, (w)] — 7E {5, (w)] = E[;s ] which implies E|[®;s,(w)] =



—E[ljsy(w)]. Therefore,

0 4 neN ZZS
Mw) =0
Then
A 14+v__ . K—V_ ra kK 1+v_ s -
Ai:1+K]E[wisn(w)]+1+K]E [A(w)]+1+K v E[gisn(w)_gisn}
~  14v/x . k 1+v,
Ai_l-i-;c(;_n)]E[&s”(w)}_1—|—K v Cisn:

Again, taking a weighted sum across all firms implies that A; = 0. Since /v > 1 and
1 € (0,1), it then follows that ?;;, = E[l;s,(w)] = E[tjs,(w)] = 0 because otherwise it is

not possible for 0 = (§ — 17) E [@isn (w)] — g@isn and the labor constraints to hold.

Therefore, we can solve for sectoral labor

ﬁisn(w) - W@isn(w) = (1 - 1) 2z's(w) + %Zisn(w)

v K
lel’l A 1 1 ~ 1 A
i) = (3 - 1) @)+ (5 +1) Bat)
neN; vis
/{

Therefore,

E [ﬁisn (w)zisn (w)] =E
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n+y
Therefore,
11 17 7.\ 2 2
dlog ®(m) :_1—17 7T % 0 / Lis Z E_zsn ds| N
dlogm 2 (,7+%> (17 %) dlogm |Jo ¢ nen, \ Lis D (m)

By Lemma 5, 57— g - { ! &s > LneN;, (Z':’> ds} < 0. Then by Proposition 1, the first result

2
will follow. Similarly, by Lemma 5, alogm [ 1 13,5 < Ve, (@ﬁ) ds] — 0as m — 0080

eis
1 dlog®(m;)
dlog w; _ Ty ologm; _ 0
dlogl; 1 _ _1 9log®(m) ’
1-1 Jdlogm;
as m — oo. ]

Proposition 3. If idiosyncratic shocks have a positive variance, 0%, > 0, the optimal policy fea-

1 dlog ®(m)
7~ dlogm |m:mi > 0.

Furthermore, the optimal subsidy converges to zero as the size of the market goes to infinity, i.e.

tures a subsidy on firm entry proportional to firm profits given by T; =

T, — 0as m; — oo.

Proof. The proof exactly follows the argument in the main text after proving the more

general version of Lemma 1 so we do not reproduce it here. O

11



3.4 Characterizing Imperfect Competition

In this subsection, we characterize the equilibrium under Cournot Competition. The
expression for production given in Lemma 6 holds no matter how firms behave. There-
tfore, we go through and characterize what total wage payments are, which then implies
profits.

Taking a second-order approximation to total wage payments and the firm FOCs as-

sociated with Cournot competition implies the next proposition.

Lemma 7. If firms compete a la Cournot, total wage compensation in location i can be written,
wily = (1 — 1)z (m;)" (€)1 ((m) +¥(m)) ,

where ®(m) is defined as in Lemma 6 and

1 + x Ajep(w) /4 X X X
C m /S £1 ~ zsn [M (Eisn(w) - gisn - gis(w) + gis)

wi

ds.

Proof. First, we note that because workers are freely mobile across all sectors in period
1, the equilibrium with no ex-post shocks and Cournot competition is the same as the
equilibrium with no ex-post shocks and competitive firms. Doing a second-order approx-

imation around the point with no ex-post shocks implies

1
E|f L )i ()
— (| T B (1 Bl )]+ )]+ Y000 + B

We then take a second-order log approximation to the firm FOCs in equation (11).
However, with no shocks Ajs,(w) = 0, so we leave that in levels. The first equation
becomes

Bt ()] + (1 = ) E(Lin ()] + 5B [@isn(@) + (1= 1)l (@)

= E[Wisn(w)] + E[Zisn(w)] + ;]E [(wzsn(w) + len)z]
L | Bl (G 0) iy ) 4 )

12



We also need the second-order approximation to the labor constraints embedded in £ and

La(),

ds
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This completes the proof.
Proposition 7 gives wages completely in second-order terms. Therefore, following Be-

nigno and Woodford (2003) and Benigno and Woodford (2012), we can then approximate

the labor constraints and firm first-order conditions with a log first-order approximation

13



We then computationally evaluate ®°(m) and ¥¢(m) and use those functions in calculat-
ing the equilibrium.

4 Proofs of Technical Lemmas

In this section, we prove the Technical Lemmas used in the main text and Section 3 for
the more general case with k, v € (0,0). To get the results for the results in the main text,
one simply needs to take the limit as xk — co and v — 0.

Lemma 1. If firms are competitive conditional on entry, the regional production function is

Y; (¢, m) = zzm" 11D (m), where z; = IE[z TV and ®(m) is given by,

®(m) = Elasy (w 1 "l /0 — Cov (log asy(w),log lsu(w)) ds. (12)
neN

Proof. By Lemma 6, the regional production can be written Y;(¢,m) = z;m"(}~1®(m)
where

0

1 1\1-5y 1 ZS , \2
Therefore, the planner is looking to maximize this second-order production function
subject to the labor constraints. Following Benigno and Woodford (2003) and Benigno and

Woodford (2012), we can do a linear approximation to the labor constraints, embedded in
the sets £ and L (),

?\I
&

ZS( ) o gis lsn( ) f
Lisn » 2

Z —Lisn, :/ _S

nexs, Lis bi

To simplify the explication, we rewrite the maximization problem with vector notation

14



as

1,
max ax — —Xx bx
x 2

st. cx=0

where x is the vector of labor supply decisions, a is the vector of productivity shocks so
that

1 i / A
ax = (1 —17)/ % ) %—”]E[dsn(w)ém(w)]ds,
0 neN; gs

b is the self-adjoint operator (i.e., symmetric matrix) representing the loss function so that

1 Zs lon . »
x'bx = n(l— 77)/ 7 Z Z_ [ sn(w)z]ds
0 neN; ts
1 1 zs an " A\ 2

1 1 14 . L\ 2
- (1—/ - E) (1- 77)/0 7“3 [(55(0’) _ES> ] ds,
and c is the matrix representing the linear constraints. Forming the Lagrangian, we have

L,
— =x'bx — Acx.
ax — 5xbx — Acx

Taking the FOCs, we get
a— (bx) —Ac=0.
Therefore, x = b= 1(a — Ac)' = b~ 1(a’ — V). Using the constraint, we can solve for A:
g
0=cx
=cb 1 a - N)
N = (cb7 ) ebla.

Then, to complete the proof, we will show that ax = x'bx.
/
¥'bx = <b—1(a’ - c'(cb—lc’)—lcb—la’)) b1 (d' — ¢ (cb~ 1) Leb~1a)
= (a—ab (b 1) L) (' — (b i) b a)

—ab'a —ab ' (cb 1) b —ab7 i (eb i) Tleb

+ab 1 (b7 teb T (b ) Tleb

15



=ab la' —ab~ 1 (cb i) Leb M,

where we use the fact that b and cb~!¢’ are self adjoint and therefore b—! and (cb~1c’)~!

are self adjoint. Similarly,

ax = ab (a' — ' (cb 1) teb1a)

= x'bx.

Therefore, ax — 1x'bx = Jax, completing the proof. O

Lemma 2. For firms competing f € {p,c}, the regional production function is Yif (L,m) =
im0 1S (m), where z; = IE[Z}S/TIU]V. Furthermore, ®f (m) < ®P(m) for all f and m.

Proof. This result follows immediately from Lemma 6 and noting that, as perfect com-
petition is efficient, it must produce the most conditional on the number of firms and

workers. L

Lemma 3. For firms competing in Cournot, total wage compensation in location i can be written,
wily = (1= 1)z (my)" (€)1 (9 (my) + ¥ (my)),

where ¥¢(m;) < 0.

Proof. This result follows from Lemma 7 and noting that wages must have a markdown.
O]

Lemma 4. Expected sectoral HHI, weighted by average productivity shock, converges to 0 as

the number of firms goes to infinity. More precisely, n — 0 as N — oo where PNy =

1/ 1/11\2
ZHEN Zisn’7 ZHEN(ZI'SHU)

17 N2
Nzi ! <Zn€/\/' ng/n]>
Proof. Note that because 1 — F;, is regularly varying, there exists « and slowly varying

function L? such that 1 — F;,(x) = x*L(x).

2/n
Zisn

E

2/n

] exists and EE[z;/ '] does not exist. We will take each

Then there are two cases: E|

case in turn.

Suppose that E [zi/nn] exists. Then we can write ¢y,
1/
_ LIE l N ZHEN(Zian)Z N
=By 1/ N '
Zi LneN Zign
L(ax)

2A function is slowly varying if for every a > 0, I lasx — oo.

16



/132
By the strong law of large numbers, 3 — 0, — 1 — L 1 7y and ZeV ]E, ) IE[zi{j]
neN Zisn isn

almost surely. Therefore the integrand converges to 0 almost surely, and i — 0.

Suppose that IE[ o "] does not exist. Then we can rewrite ¢ as
L/iy2
1‘/) =E a_NEHEN(ZiS” ) N
N N2 ay 71
n ~isn

where ay is defined so that P(z/ > ay) = N~L. By Lévy’s theorem,’ al (Zn( 1/'7)2>

isn isn
N 1

7 7 p almost surely.

Z. .
n “isn isn

converges in distribution to a non-degenerate distribution,

That simply leaves ay/N2. Note that

N IP( i >aN>
= aNaZ(]“L(a}V/Z)Z.

This converges to 0 as ay — oo if « > 1. But note that since the mean exists, « must be
greater than 1. Further, note that ayy — coas N — oo; otherwise, the variance would exist.

Thus, the integrand must converge to 0 in distribution and  — 0. O

Lemma 5. Average sectoral HHI has the following properties:

= 2
' d 1 f,s Eisn .
(1) W |: = 21’16 IS (Z) d5:| < 0, and
= 2
17 0 1 EZS eisn
(i) iogm { Zne Nis <Es > ds] — 0asm — oo.

1
Proof. Recall that £, = (%) " where @; = (1 — )¢, "mz;. Therefore,

1

2
7 7.\ ? 1 ] i
/1 & Z E_zﬂ ds — /1 Kimi Z; ZHEMS Zisn Z Zi17sn ds
0 U o\ L 0 ¢ N, ]
neN neNj En’e/\/,-s Zion!

1/11y\2
NlS ZHGMS isn Z”GMs( isn )

m; A/ 1/1\2
’ l lezi (En EMS zsﬁ)

We can then decompose this into an expectation over the number of firms in the sector

and, conditional number of firms, the expected productivity shocks. We will denote ¢y =

3See Durrett (2019).
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1/1 /12
Z.
E Z"ENU’S” Enen (Zigy ) 5|N'|. Then we have
Nz. 7 1/y
1 <Zn€N Zzsn >

— — 2
1 lis Cisn - > N mNe=m
/O Zi Z (zis a Z mwN .

|
neN; N=0 N!

Then we can take the derivative with respect to m

_ _ N2
d li lisn mNe—m
bt 5 () |- L

NI
mN—Ze—m mN—le—m
= Ng(N— DNyn—, —Ng Nyn—,
N—2 —m N-2,—m
ZIPN (N ez Z‘PN 1n(1N 62)
mN 26*
= Ngz(lPN — lPNfl)m <0,

where the inequality comes from the fact that ¢ is decreasing, so Py — Py_1 < O
Therefore, HHI is decreasing.

as m — 00,

isn

We next turn to proving Lemma 5.2, that m~— a o [ fo Ene N, ( 5 > ] converges to zero

i N
We start by showing that % [ f 01 Z,ﬁ Yoe 3 <€isn

N 7) 1 — 0. Take € > 0. Since Yy — 0
there is some N such that for N > N

notice that m( i

N, ¢n < §. Notice that m(x_ze_m
—) — 0asm — oo.

TZ)! € (0,1) And also

m

Thus, there is a m such that for m > m, (x 22)! < II} g for all x < N. Therefore, for
m > m,
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Furthermore, the second derivative is positive for sufficiently large m,

N—3e—m

2 7. 7. 2 00 m
% [/01% Y. (%) ] =) ((HDN_IPN—l)_(lPN—l_lPNfZ))(N—_?))!>O/

i neN N=3
because ¢y is convex for sufficiently large N. Therefore, we have a function f(x) such
that f(x) — 0, f/(x) — 0 and f”(x) > 0. It then follows that xf'(x) — 0. That is
7 \2
1 ZZS 1sn
e | 13 Lo, ()] =0
To see th1s, suppose that xf’(x) does not converge to zero. Then thereisae > 0

and a sequence of x, — oo such that x,,f'(x,) < —e. As f’(x) > 0, it follows that
f'(x) < f'(xn) < —+ forall x < x,. Therefore,

0) + /xf’(t)dt

NxN<x/ f . dt+/ f

Nixny<x €
< f(0) - ‘;1 (Xn — Xn-1) o T (x —an) f'(x)
nil(xn B xen

But then
> € |
Z(xn—xnl)—ze/ —dx — 0.
n=1 Xn 0 X
Therefore, this contradicts, f(x) — 0so xf'(x) must converge to 0. O

Lemma 6. The regional production function is Y; (¢, m) = z;m"*~1® (m), where z; = E[z;_]

and ®(m) is given by,

ﬁD(m)EIE[gsn(w)]+(1_;7)/()1% Ngzﬂ A .
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Proof. Expected production is fo YneN, Zisnisn (W) lisn (W) ~ds. We will do a second or-
der approximation around the point log d;s, (w) = log A;s(w) = 0.

We start by characterizing the solution at that point. We find that there is some w; such
that

= (1 - W)Zisn(zzsn) ’

1
so that (;;, = (%) " . Then labor clearing requires

1

1
1 1 _ 1 Ve \ i
fi:/ giListZ/ )3 Eisndsz/ Y. (—(1 _17.)ZIS”>st.
0 0 neN; 0 neN; @i

This implies that w; = (1 —57)¢; "m!E [ ion } Then production is

1-y

— 1 — . e
Yi:/o Z Zisn((l—ﬂ) ' ds:zlﬁ - 7/

neNis wi

/91"

where z; = E [len

Taking the log second-order approximation to production gives

1 Zisn
Yi%Zi(mi)"(gi)lﬂ/ Yy, =

0 neN; fi

+ % (ﬁisn(w) + (1 — ﬂ)@isn(w))z)ds.

(1 + (@) + (1= 1) i)

To transform this to be completely second order, we do a second-order approximation to
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the labor constraints,
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where we use the fact /s, (w ) = Lign(w).
zZS‘VZ

Then we can transform fo YneN, fin . (w)ds to second order. That is,

! Cisn » 1 x 1l Cisn 1, 1+x, 2
L X z—/w"(“”ds——zuk/o 7 L (et (@) ) ds

0 neNi neN
1 x (YW 1, 1+4x, 2
- LA ? d
1% o &( b+ — zs(w)) s
179. J. . 1 19,
PRI LR Y / bisp s
1+4+xJo gi neNi EZS 14+x Jo fl'

1+« i nEN Ui K
i g (e ) o
Sk (e ) s
+1lev 01 %@isds
+141-K/01%n;i5%@15nd5 1;{ 0 ij“ d



I
|
N —
—_
+ | =
x
o\
2,
g
{\I‘g."
3
VR
|
R
~>
@
3
+
—
+
b
~>
@
x
—~
e
SN—
~_
N
(e
0

i neN ‘is K
1 « [l ( 1, 14x«, 2
- Us (2 ?
+21—|—K/0 gi( Kzs+ ” zs(w)> ds
1 v (Y 1, 1+4v, 2
ST E_i(_;aﬁ ’ Els(w)) s
11 lzis Zisn 2
- = —= —V, ds
21+K/() l; ”GZMS Ui isn
11 1ZiSA2
+§1—|—K/O g—igisds
1 1 [Vlisqy
_§1+1//0 _—igisds
17. 7.
:—1/ & e_ﬂ@lsn(w)zds
2.Jo gl neN;, ‘tis

ST

Substituting this into the expression for the log second-order approximation to pro-
duction gives
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